The negative thermal expansion mechanism of zirconium tungstate, ZrW2O8 by Rimmer, Leila H. N. et al.
The negative thermal expansion mechanism of zirconium tungstate, ZrW2O8
Leila H. N. Rimmer,1, 2, 3 Martin T. Dove,1, 3, ∗ and Keith Refson4, 5
1School of Physics & Astronomy and Materials Research Institute,
Queen Mary University of London, Mile End Road, London E1 4NS, U.K.
2CrystalMaker Software Limited, Centre for Innovation & Enterprise,
Begbroke Science Park, Woodstock Road, Begbroke OX5 1PF, U.K.
3Department of Earth Sciences, University of Cambridge, Downing Street, Cambridge CB2 3EQ, U.K.
4Department of Physics, Royal Holloway University of London, Egham Hill, Egham TW20 0EX, U.K.
5Science and Technology Facilities Council, Rutherford Appleton Laboratory,
Harwell Science and Innovation Campus, Didcot OX11 0QX, U.K.
(Dated: September 25, 2018)
Negative thermal expansion in ZrW2O8 was investigated using a flexibility analysis of ab-initio
phonons. It was shown that no previously proposed mechanism adequately describes the atomic-
scale origin of negative thermal expansion in this material. Instead it was found that NTE in
ZrW2O8 is driven, not by a single mechanism, but by wide bands of phonons that resemble vibrations
of near-rigid WO4 units and Zr–O bonds at low frequency, with deformation of O–W–O and O–Zr–
O bond angles steadily increasing with increasing NTE phonon frequency. It is asserted that this
phenomenon is likely to provide a more accurate explanation for NTE in many complex systems
not yet studied.
PACS numbers: 62.20.de, 63.20.-e, 65.40.De
The last two decades have seen a considerable upsurge
of interest in materials that have the counter-intuitive
and potentially technologically important property of
negative thermal expansion (NTE) [1–6]. This interest
was prompted by the discovery, in 1996, that NTE in
ZrW2O8 (structure shown in Figure 1) exists over a wide
range of temperatures (0–1050K) [7, 8]. Since then a
number of other materials have been shown to exhibit
NTE [2, 3, 9] with research initially focusing on oxides be-
fore being extended to other ceramics and hybrid metal-
organic materials. There now exists a considerable body
of work on the ‘archetypal’ NTE material ZrW2O8, in-
cluding experiments based on characterization, diffrac-
tion and spectroscopy [10–23], together with simulations
based on force field and ab-initio methods [24–32]. How-
ever, despite the wealth of studies, NTE in this material
is still not understood.
(a) (b)
FIG. 1. The ZrW2O8 structure. (a) The structure in ball-
and-stick format. Green atoms are Zr, grey atoms are W and
red atoms are O. (b) The same structure represented as green
ZrO6 octahedra and grey WO4 tetrahedra. The space group
of this material is P213.
In this letter we offer a significant advance in our un-
derstanding of NTE using a new approach we have suc-
cessfully applied to Zn(CN)2 [33], Cu2O [34], MOF-5 [35],
and Y2W3O12 [36]. We model the dynamics of ZrW2O8
in terms of different flexibility models with vibrational
modes of these models then being mapped onto the vi-
brational spectrum of the real material. By observing
the degree to which each model is able to recreate the
NTE phonons of ZrW2O8, we are able to show that its
NTE is caused not by a single mechanism but, rather, by
a diverse range of phonons.
Thermal expansion of materials is generally under-
stood in terms of the Gru¨neisen model, whereby the
free energy cost of changing the crystal energy through
a change in volume is offset by an increase in entropy
through the resultant change in phonon frequencies.
Normally, the anharmonicity of atomic bonding causes
phonon frequencies to increase with a decrease in volume
(a positive Gru¨neisen parameter). However, in the case
of NTE materials, we expect to find a significant number
of phonons whose frequencies decrease with a decrease
in volume (a negative Gru¨neisen parameter). Given that
larger amplitude phonons will have a greater effect on
the overall behavior of a crystal, we also expect to find
that the most influential NTE phonons would be those
that exist at lower frequencies.
In order to understand the NTE phonons in ZrW2O8,
we must identify the types of atomic-scale displacements
that characterize them. Experimental and computational
evidence to date has led to several different proposals for
the NTE mechanism in this material. These all focus
on ‘tension effects’ [3], which note that Zr–O and W–O
bonds are relatively rigid and, thus, transverse vibrations
of an oxygen atom in a Zr–O–W bond might pull the
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FIG. 2. Two interpretations of the interaction between adja-
cent WO4 tetrahedra in a pair. The blue atom is the under-
bonded O that exists between the two W. (a) Both W are
tetrahedrally coordinated and there is only weak interaction
between the two units (b) The under-bonded O that exists
between the two tetrahedra is part of a stronger bond with a
second tetrahedron. One W has standard tetrahedral coordi-
nation and the other has ‘4 + 1’ coordination.
structure inwards and give rise to NTE [7, 26, 32]. The
Rigid Unit Mode (RUM) model [37] suggests that, in or-
der to exist at low frequency, the NTE phonons could be
tension effect modes that also involve minimal deforma-
tion of coordination polyhedra; in this case ZrO6 octahe-
dra and WO4 tetrahedra [16–18, 27, 28]. An alternative
model proposes that the Zr. . . W distance remains un-
changed, but significant deformation is allowed in one or
more of the ZrO6 and WO4 tetrahedra [19–21, 29]. A
further possibility suggests that adjacent WO4 tetrahe-
dra may have some additional interaction between each
other [31] which would, in turn, mean that both tetra-
hedra may move as a single unit for low frequency NTE
phonons; this model is illustrated in Figure 2. However,
thus far, no proposed mechanism has been comprehen-
sively tested against the known NTE phonons in this
material—an omission which we now rectify.
For our own investigation, we obtained the phonon
spectrum of ZrW2O8 using plane-wave Density Func-
tional Theory calculations in CASTEP [38, 39]. The
Perdew-Burke-Ernzehof (PBE) functional [40, 41] was
used with optimized norm-conserving pseudo-potentials
[42, 43], a plane-wave cutoff energy of 750 eV, and
a 3 × 3 × 3 Monkhorst-Pack grid [44] (to carry out
reciprocal-space integration of electronic states). The
unit cell was relaxed at 0 GPa to a lattice parameter of
a = 9.26705 A˚; atomic coordinates for the relaxed struc-
ture can be found in the Supplemental Material. The
relaxed structure has interatomic distances that are con-
sistent with the experimental structure to within 1–2%,
a result expected for DFT calculations using the PBE
functional. Phonons were then calculated using Density
Functional Perturbation Theory [45] with a 3 × 3 × 3
Monkhorst-Pack grid of phonon wave vectors and Fourier
interpolation of the resulting dynamical matrices (in or-
der to sample the entire Brillouin zone). A further set of
phonons were obtained for a second ZrW2O8 cell, relaxed
at a fixed off-equilibrium cell parameter of a = 9.2905 A˚.
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FIG. 3. Left: Low energy dispersion curves and densities of
states for ZrW2O8. Right: The same data shaded according
to the value of γi,k of each mode at each wave vector. The
linear color scale ranges from red (γi,k ≤ −6) to white (γi,k =
0) to blue (γi,k ≥ 6). Bins that make up the density of states
are shaded according to the average γi,k for each bin.
Mode Gru¨neisen parameters, γi,k, were calculated for
each phonon i at each wave vector k using the approxi-
mation
γi,k = − V
ωi,k
∂ωi,k
∂V
≈ − V
ωi,k
∆ωi,k
∆V
, (1)
where V is the volume of the equilibrium cell, ωi,k is
the frequency of a phonon in the equilibrium cell and ∆
indicates the difference in a value calculated for the equi-
librium and off-equilibrium cells. Figure 3a shows the
phonon dispersion curves along high symmetry directions
with the phonon density of states for the full Brillouin
zone alongside. Figure 3b shows the same phonon spec-
trum shaded according to mode Gru¨neisen parameter.
NTE phonons span the entire Brillouin zone of this
material such that the density of states captures sufficient
detail of the phonon spectrum. As a result, for the rest
of this letter, phonon spectra are displayed in terms of
densities of states with the dispersion curves provided as
Supplemental Material. The strongest NTE modes exist
around 1.2 THz with NTE character weakening slightly
as frequency increases to 2 THz. Bands of weaker NTE
modes range from 2–6 THz and from 8–10 THz. There
are also some low-frequency, positive thermal expansion
(PTE) phonons at wave vectors near Γ and X at 2.5 THz
and near Γ and R at 5 THz. In all, there are 48 modes in
the 0–6 THz range which mostly drive NTE (with some
driving PTE in the upper frequencies); 12 PTE modes
in the 6.5–8 THz range; 28 weak NTE modes in the 8.5–
10 THz range; 12 PTE modes in the 10–12 THz range
and (not pictured) 32 weak PTE modes above 12 THz.
Flexibility models were constructed as described in
[36]. Each model is designed such that bonds between
atoms are either effectively rigid or completely flexible in
order to simulate, in the simplest possible fashion, dif-
ferent types of possible NTE mechanism (e.g. a model
consisting of rigid Zr–O and W–O bonds with flexible
bond angles). The ZrO6 unit was modelled in one of two
3ways: either as a rigid ZrO6 octahedron, or else as rigid
Zr–O bonds with flexible O–Zr–O angles. The WO4 unit
was modelled in a similar fashion: either as a rigid WO4
tetrahedron, or else as rigid W–O bonds with flexible O–
W–O angles. Models to take account of possible bonding
between adjacent WO4 units, as per Figure 2, were also
considered. Bonding between adjacent rigid WO4 tetra-
hedra was modelled in one of three ways: no bonding, as
a rigid bond between adjacent rigid WO4 with a flexible
W–O–W angle, or else as a rigid bond between adjacent
rigid WO4 with a rigid W–O–W angle.
Models were implemented in the program GULP [46]
using harmonic potential energy functions with large
force constants to define rigid bonds and zero force con-
stant to define flexible bonds. No additional functions,
such as Coulomb interactions, were used. Phonons were
calculated for each model at the same wave vectors as
used in the ab-initio calculations. Given the manner
in which the flexibility models were constructed, any
phonon that does not require deformation of any of the
model’s designated rigid units has zero frequency. The
frequencies ω and eigenvectors e of the model phonons j
were then mapped on to the ab-initio phonons i at each
wave vector using the equation
mi,k = Ω
2
∑
j
ei,k · ej,k
Ω2 + ω2j,k
(2)
where Ω is a constant. Ami,k value of 1 indicates that the
flexibility model is able to perfectly recreate the ab-initio
phonon in question while a mi,k value of 0 indicates that
there is no relation between the two. Further information
on the use of this type of mapping can be found in [36].
It was found that four models were too constrained and
could only generate mi,k values of zero. These were the
three models involving rigid WO4 tetrahedra with a rigid
Zr. . . W rod, as well as the model involving rigid ZrO6
octahedra, rigid WO4 tetrahedra, a rigid bond between
adjacent WO4, and a rigid W–O–W bond angle. This
implies that no part of the lattice dynamics of ZrW2O8 is
consistent with these constraints and, thus, these models
cannot be considered to be associated with NTE.
Figure 4 shows the ab-initio phonon density of states
with bins shaded according to the average mi,k for each
model. Unlike simpler systems such as Zn(CN)2 or Cu2O,
flexibility model eigenvectors do not neatly map onto a
small number of specific modes in the ab-initio system.
Instead, a high degree of eigenvector mixing is present
wherein a given type of flexibility is spread over multiple
ab-initio phonons, a phenomenon made possible by the
low symmetry of the structure. Eigenvector mixing is
particularly evident for the rigid ZrO6 and WO4 model
(i.e. the RUM model) mapped in Figure 4f where the
RUMs are spread so widely across the phonon spectrum
that no mode has a mi,k anywhere approaching 1.
These results show that the 48 phonons in the 0–6 THz
range correspond to motion of near-rigid WO4 tetrahe-
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FIG. 4. Flexibility analysis of ZrW2O8 phonon densities of
states. Data is shaded according to the average mi,k value for
each bin. The linear scale ranges from white (mi,k = 0) to
black (mi,k = 1). Models tested are as follows: (a) Rigid Zr–
O, W–O (the tension effect). (b) Rigid Zr–O, WO4. (c) Rigid
Zr–O, WO4; bonded but flexible W–O–W. (d) Rigid Zr–O,
WO4; bonded and rigid W–O–W. (e) Rigid ZrO6, W–O. (f)
Rigid ZrO6, WO4 (the RUM model). (g) Rigid ZrO6, WO4;
bonded but flexible W–O–W. (h) Rigid Zr–O, W–O, Zr. . . W.
(i) Rigid Zr–O, WO4, Zr. . . W. (j) Rigid Zr–O, WO4, Zr. . . W;
bonded but flexible W–O–W. (k) Rigid Zr–O, WO4, Zr. . . W;
bonded and rigid W–O–W. (l) Rigid ZrO6, W–O, Zr. . . W.
dra and Zr–O rods. O–W–O and O–Zr–O bond bend-
ing are minimized (although the O–Zr–O angle distorts
more) at the lowest frequencies. As frequency increases,
so too does the degree of both types of bond bending,
with O–Zr–O bond bending increasing steadily, whilst
O–W–O bond bending increases slowly before experienc-
ing a jump at 6 THz. This implies that the O–W–O
bond angle is stiffer than the O–Zr–O, even though both
distort. Neither the RUM model nor the rigid Zr. . . W
model correlates well with any of the NTE modes.
Some NTE modes around 4 THz involve additional
bending of the W–O–W angle between two WO4 units in
a pair. However, since there is no effect on Gru¨neisen pa-
rameter, this additional angle bending appears to make
no extra contribution to thermal expansion behavior.
Meanwhile the small number of PTE modes in the 0–
6 THz range appear to correlate with changes in the dis-
tance between two WO4 units in a pair at 2.5 THz and
to a small amount of bond stretching within the coordi-
nation polyhedra at 5 THz. Upon further inspection of
the dispersion curves in the Supplemental Material both
sets of modes (and thus the PTE that they drive) are
highly wave vector dependent, appearing around Γ and
X, and at Γ and R points respectively. The fact that the
occasional separation of adjacent WO4 units does not
significantly affect mode frequency suggests that there is
no strong bonding between them, but that they do move
4in tandem more often than not (most likely as a con-
sequence of constraints imposed by the wider ZrW2O8
framework).
The 12 PTE phonons in the 6–8 THz range involve fur-
ther O–Zr–O and O–W–O bond angle bending as well as
a significant amount of Zr–O and W–O bond stretching.
This latter effect is a well-known PTE mechanism and
is what ultimately gives these phonons their PTE char-
acter. The 28 weak NTE modes in the 8–10 THz range
involve negligible bond stretching but increased bending
of both O–Zr–O and O–W–O bond angles. This band of
modes most closely resembles the traditional tension ef-
fect, however they exist at high frequency and thus only
weakly drive NTE due to the large amount of energeti-
cally costly bond bending they incur. The 12 phonons
in the 10–12 THz range comprise another band of weak
PTE modes that involve similar distortions to those seen
in the 6–8 THz range but with a much greater degree of
bond stretching that gives these modes both their high
frequency and their PTE behavior. PTE modes above
12 THz consist of the remaining bond stretches.
Thus, NTE in ZrW2O8 cannot be described by a single
mechanism (such as a tension effect or a model derived
therefrom). Instead, it is driven by a broad spectrum
of phonons extending over a wide range of energies. The
strongest of these exist around 1.2 THz and involve mini-
mal deformation of the WO4 and ZrO6 polyhedral units,
with the O–Zr–O bond deforming more than the rela-
tively rigid O–W–O bond. As frequency increases, the
level of O–Zr–O and O–W–O bond bending gradually
increases to eventually become a mode resembling trans-
verse vibrations of rigid W–O and Zr–O bonds.
The behavior of ZrW2O8 is reminiscent of that found
in Y2W3O12 [36] and, taken together with recent work
on other NTE materials [36], strongly suggests that the
widely accepted explanation of NTE in terms of simple
mechanisms is not sufficient to explain this phenomenon
across all framework materials.
In the simplest of cases such mechanisms can provide
an elegant description of observed behavior. For instance,
the specific modes shown to drive NTE in ScF3 [47],
Zn(CN)2 [33] and Cu2O [34] all look like RUMs. This
seems logical given that deformation of a coordination
polyhedron is an energetically costly process and a ten-
sion effect which minimises this deformation will neces-
sarily exist at low frequency. However with added com-
plexity, such as a large number of phonon branches in
a low symmetry structure, we find that (despite being
supported by the structure) simple mechanisms based on
tension effects or RUMs are not sufficient to explain a
material’s NTE behavior. Mode mixing is always present
in the vibrational spectra of real materials but, in less
complex high symmetry structures, these ‘deeper’ devel-
opments are masked and thus simpler mechanisms can
be sufficient to explain NTE. It is only via an in-depth
study of NTE framework materials with greater struc-
tural complexity that the more complete picture can be
drawn out.
Since this is a behavior that can be expected to occur
in other structurally complex NTE materials, the authors
offer the identification of this more complete explanation
of NTE in ZrW2O8 as the key contribution of this letter
to a general understanding of NTE across all framework
materials.
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